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Helicopter
Abstract
Since George Box's article was published in 1991, paper helicopters have been used to teach students
experimental design [2]. It is simple and inexpensive to produce and can easily provide physically
measurable data for use in experiments. This paper attempts to create a model that describes the motion
of a paper helicopter using engineering, physical and statistical knowledge. A search for the optimum/
maximum flight time of a helicopter was conducted in order to provide a design allowing for the largest
amount of data collection possible. This data collected was then used to build and test a model that can
be described by two separate equations: one describing the helicopter's linear velocity and the other
describing its angular velocity. These equations may be able to be solved exactly, but the path that was
chosen to best fit our time constraint was to use a numerical analysis approach to create these
estimations of the equations.
It is important to keep in mind that although Box's paper is often quoted it still remains true: "All models
are wrong, however some are useful [2]." Future work on this approach to the problem may contain exact
solutions to our equations, but the model designed for use here is sufficient enough for one to accurately
predict the flight velocities within small discrepancies compared to the physically collected data.
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Developing O r d i n a r y Differential Equations to Describe the Motion of a Paper Helicopter
Matthew B. Mac Williams
December 12, 2005
Abstract:
Since George Box's article was published in
1991, paper helicopters have been used to teach
students experimental design [2]. It is simple and
inexpensive to produce and can easily provide
physically
measurable
data
for use
in
experiments. This paper attempts to create a
model that describes the motion of a paper
helicopter using engineering, physical and
statistical knowledge.
A search for the
optimum/maximum flight time of a helicopter
was conducted in order to provide a design
allowing for the largest amount of data collection
possible. This data collected was then used to
build and test a model that can be described by
two separate equations: one describing the
helicopter's linear velocity and the other
describing its angular velocity. These equations
may be able to be solved exactly, but the path that
was chosen to best fit our time constraint was to
use a numerical
analysis approach to create these estimations of
the equations.
It is important to keep in mind that although
Box's paper is often quoted it still remains true:
"All models are wrong, however some are useful
[2]."
Future work on this approach to the
problem may contain exact solutions to our
equations, but the model designed for use here is
sufficient enough for one to accurately predict the
flight velocities within small discrepancies
compared to the physically collected data.
I. Introduction
This model deals with the design and the
physics behind the motion of paper helicopters.
The goal of the project was to develop unique
mathematical equations which attempt to
completely describe the motion of a paper
helicopter. The motion of these objects is related
to Bernoulli's principle for fluid flow, simple
addition of vector forces, conservation of linear
and angular momentum, and the lever principle.
This process began by choosing a paper
helicopter with a maximized flight time. From
this helicopter it was possible to measure aspects

about its flight: angular velocity, linear velocity,
total flight time, and moment of inertia. Using our
knowledge of physics and mathematics, it was
possible to create two coupled non-linear ordinary
differential equations that described the linear and
angular velocity for a general helicopter.
Combining these equations with the measured
values from the selected helicopter produced two
equations that model the maximized flight. These
equations can be easily altered for different paper
helicopters by performing similar experiments as
the ones described later in this paper.
However, the equations that are produced here
do not seem to be accurate enough to precisely
estimate the flight path of a paper helicopter. It was
noticed, late in the experiments with the physical
prototype, that these equations do not take into
account factors that were found to be important:
wobble about the vertical axis and physical
distortion of the helicopter.
Il.a Forces Involved
In order to create a mathematical model of this
falling paper helicopter, various forces needed to be
considered, some of which were disregarded due to
their minute impact on the overall flight path of the
helicopter. Measurable forces included the force on
the helicopter produced by gravitation, which was
measured using a digital scale measuring to the
nearest 0.00 lg, and the moment of inertia, whose
calculation is explained in section V.
Also
considered and calculated was the force of drag on
the wings from passing air during free fall. It is
important to note that all of these included forces
are dependent upon one another and upon the shape
of the helicopter.
Forces that were excluded were those that were
considered to have little effect on the overall flight
characteristics of the helicopter compared to those
that were included. These forces are the pressure
gradient between the two sides of the body of the
helicopter created by its rotation about its vertical
axis, the pressure gradient between the top and
bottom of both of the wings created by the object
free falling as well as other irrelevant forces,
specifically distortion and the rigidity of the paper.
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Il.b Basic Physical Model
Explaining this model can begin by explaining
the steps that were taken throughout the initial
start of the project. First, a physical helicopter
needed to be produced in order to have any
comparison to the flight characteristics that the
model would predict.
A number of helicopters were reviewed in
search of one that held the maximum flight time
[1-7].
Three of these were then selected,
produced, and tested to see which helicopter truly
held the maximum flight time [1, 3, 4]. These
three designs were selected based upon the
reported measured flight times. The flight time
was desired to be as long as possible in order to
allow for the largest amount of data to be
collected given the constraints of the measuring
devices available.
There were four main dimensions that were
taken under consideration upon review of these
helicopters. As one can see from Figure 4, these
four dimensions consisted of the base length (B),
described as being the total width of the base of
the helicopter; the base height (H) is described as
being the length from the base of the helicopter to
the bottom of the body of the helicopter; the
length of the wing from the place where it is
folded to the tip of the wing was expressed as the
wing length (L); and wing width (W) was
described as the width of one wing.
The body of the helicopter can then be
described as the part of the helicopter that is
below the fold of the wings but above the folds
for the base and is kept constant throughout the
calculations used in this paper (0.5 inches). The
bases of the helicopters were all folded the same
direction. That is to say that upon viewing the
helicopters from head on, the left sides of all of
the helicopters (the wing and the base) were
folded toward oneself while the right side was
folded away. The angle of which the wing bends
up above the horizon due to the drag force is, for
all purposes, labeled 0 and was identified as the
wing flex. This angle changes throughout the
flight of the helicopter but was estimated to have
a value of 20 degrees when the helicopter is
falling at terminal velocity. This estimation is
from the footage taken using a digital camera and
film-editing software.
Data collection measuring the linear velocity

was performed using a Texas Instrument CBL that
took distance measurements ten times every second
while the angular velocity of the selected helicopter
was collected using a 24 frame-per-second digital
camera.
The helicopters created by Siorek [3], Erhardt
[4] and Annis [1] were chosen to be tested under
the conditions in our "lab" because these three
helicopter designs all claimed to have a maximized
flight time (Fig. 1, Fig. 2, and Fig. 3). The
conditions were such that that the helicopter was
dropped from a height of five meters, indoors and
in an area with little activity in order to keep air
currents and thermal fluctuations to a minimum.
The same person performed the drops for every
experiment. The helicopters were dropped from the
same initial position and were held by the body
from above the helicopter, allowing for the wings to
remain parallel to the horizon and perpendicular to
the body.
Drops done in Appendix A were
performed in the same fashion except that the
helicopter was held by the tips of the wings with
the wings folded up vertically.
II.c Basic Math Model
Before data was collected, the construction of
the algebraic model was necessary. The initial
conjecture related the linear velocity of the
helicopter to air resistance, weight of the object,
and angular velocity. It was also assumed that the
rotational velocity of the helicopter was directly
related to the moment of inertia, air resistance, and
the linear velocity. This led to the creation of two
nonlinear coupled ordinary differential equations
which described the motion of any paper helicopter.
In order for momentum to be conserved, the sum
of all of the forces in the system must be equal to
the mass of the object multiplied by its net
acceleration. Furthermore, the sum of all of the
torques in the system must equal the object's
moment of inertia multiplied by its net angular
acceleration. Using this knowledge, the two nonlinear equations were then refined to replicate the
terminal angular and linear velocities found later in
this paper for simplistic reasons. The equations that
were assumed were
mv

= m-g-K]-v2

-co

and
I OJ =

K2a)-K3v
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and at terminal velocity the equations can be
solved to produce

vT =
KrK2

j

and

COT =

\ :

g-m.K22
Kt-K,

J
which describe the terminal linear and angular
velocities of the helicopters respectively. Ki, K2,
and K 3 being constants produced upon creating
these equations. From these equations one can
then estimate what the two non-dimensional
equations would be;
a(l-x2y),

V = dx =

co = dy = p{x - y)
where d and p are constants described as

f

K

V

a =

co^

_______gg

m

and where x is equal to the instantaneous linear
velocity divided by the terminal linear velocity.
Similarly y is equal to the instantaneous angular
velocity divided by the terminal angular velocity.
Il.d Mathematical Analysis
An algebraic solution to these equations was
then attempted. Knowing the starting conditions
and the approximate terminal velocities, from
above it was possible to take multiple derivatives
of the non-dimensional equations created above
in search of a pattern in the higher order terms of
a Taylor series that affected the flight
characteristics of this helicopter.
Using the
program Maple 10, derivatives were taken up to
order 24.
Using knowledge of statistical
mathematics and an online source, it become
possible to sum these derivatives and look for
patterns in the coefficients [8]. No pattern in the
24th order Taylor series was found, which then
demanded the use of another approach to find a
solution to these equations.

The approach that was then taken was to use a
fourth order Runga Kutta method of approximation
to in order give an idea of the motion of this
helicopter [5].
Approximations for the nondimensional equations were found, which could
then be used along with the equations for the
helicopters at terminal velocity to create the final
predicted flight paths of the helicopters (Fig. 5.a,
Fig. 5.b, and Fig. 5.c). Example calculations can be
seen in Table 2.
III. Data Collection
Upon the final production and testing of the
helicopters, it was found that the Annis helicopter,
with an additional paper clip centered at the base
for stability, produced the maximum flight time.
The Annis helicopter has a base width B of 3
inches, a base height H of 2 inches, a wing length L
of 6 inches and a wing width W of 1.81 inches (Fig.
1). It was found that, as suggested by Annis, the
helicopter that produced the longest flight time was
one with which the base length, base height, and
wing width are at their minimums, with the wing
length at its maximum [1].
This helicopter was then used for all of our data
collection. The CBL sonic motion sensor was set at
the base of the lab which measured the distance the
helicopter was away from it versus time. A drop of
the helicopter was made in order to check the
functionality of the CBL's data collection. The first
drop was performed and data was collected and
then transferred into a spreadsheet (Table 1). There
were six additional drops with which this process
was repeated. An average of these data sets was
taken and then plotted to yield an estimate of the
linear velocity of the helicopter at near terminal
velocity (Fig. 6.b). Notice the similarity between
the shape of this figure and the shape of the shape
in Figure 5.c.
Next a replica of the Annis helicopter was
massed and was then cut in half widthwise in order
to determine center of mass and its moment of
inertia, assuming that the angle of wing flex at
terminal velocity was 20 degrees from the
horizontal. The Annis helicopter was found to have
a total mass of, including the additional small paper
clip, 1.86g or 0.0041 pounds. The wings were then
removed and massed in order to ensure that both of
the wings were the same mass, as they should be.
The calculation for the moment of inertia is given
by:
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1= — j - ( m r - a r 2 + m f i - a / ) + 2 - w v - ( - j { v + ( ^ - s i n 6 > ) 2 ]
where m T was the mass of the base of the
helicopter (0.0041 lbs * 40% = 1.64xl0" 3 lbs), m 2
was the mass of the body of the helicopter
(0.0041 lbs * 6% = 2.46X10"4 lbs), and m 3 was the
mass of one wing (0.0041 lbs * 27% = 1.1 l x l 0"3
lbs). Furthermore, aj was the base width B
having a length of 1 inch (after the flaps were
folded in), aB was the width of the body (2 * W =
3.62 inches), and aw was the width of the one
wing W equal to 1.81 inches. Also, bsinO was
the effective wing length L (6sin(20) = 5.5
inches). This all leads to the helicopter having a
moment of inertia of:
7 = 1.751xl0- 4 /fe// 2 .
After this, it was necessary to measure the
angular velocity as accurately as possible. Using
the digital camcorder, it was possible to take
digital images of the helicopters' descent as
viewed from above the helicopter, filming as it
fell towards the ground.
One wing of the
helicopter was marked with ink in order to
distinguish one wing from the other all while not
altering the mass distribution of the helicopter.
Six recordings were taken of six separate drops,
and these recordings were then transferred to the
computer. Using digital film-editing software, an
estimation of the angular velocity at terminal
velocity and total flight times were made: 3.07
radians/sec (19.268 m/s) and 6.26 seconds
respectively (Fig 6.a).
Using this information, along with the two
differential equations, it was possible to make
estimates of the coefficients to the two
differential equations. These coefficients, Ki, K2,
and K3, were estimated, but could not be found
exactly due to the fact that we have two equations
and three unknowns.

data, the helicopter reaches linear terminal velocity
by 0.4 seconds (Fig. 6.b) while angular terminal
velocity is reached by 0.6 seconds (Fig. 6.a). The
actual distance versus time of the helicopter can be
seen in Figure 6.c.
Future variations in the scaling of the helicopter
may provide insight into the optimal stability at
various sizes in addition to optimum paper weight
all while maintaining the generally accepted 8!4" x
11" restrictions. This approach was begun, but
upon initiation of this approach, many possibilities
for error were revealed. The structural mechanics
and the distribution of mass are both greatly
affected by scaling the helicopter, so this was why
the project was aborted for now. Possible solutions
to this problem include using different density
paper or using a different mass in place of the paper
clip. Another approach was taken to attempt to
solve for the three unknown constants by altering
the mass of the paper clip that was placed on the
base of the helicopter.
Regardless of the exactness of the model, the
purpose of this project has been achieved: to create
a model that predicts the flight of a paper
helicopter. Improvements can most definitely be
made, as in almost all cases, which will be left to
future experiments.
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4.5
15
4.25
16
4
17
18
3.7
3.4
19
3.1
20
21
2.8
2.4
22
2.1
23
24
1.7
25
1.2
26
0.85
27
0.6
0.4
28
29
0.2
30
0
Published by Fisher Digital Publications, 2006

[6] Ostlund, Karen. Locomotion; Department of
Biology, Southwest Texas State University,
San Marcos, TX. CESI
Science, summer 1996.
[7] Bingham, D. Project Statistics 470; University
of Michigan.
[8] AT&T, Welcome to the On-Line Encyclopedia
of Integer Sequences:
<http ://www .research, att.com/~ni as/
sequences/Seis.html>. 2003.

*Note that this first drop was only from two and a
half meters as opposed to five meters. This is
because the CBL that was used was unable to take
accurate readings from a higher height. As one can
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37
5

The Review: A Journal of Undergraduate Student Research, Vol. 8 [2006], Art. 8
Figure 2: Siorek Optimum Helicopter
Design

Figure 1: Annis Optimum Helicopter Design
*
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Figure 4: Basic Layout of the Annis Helicopter
This is a figure illustrating the basic dimensions
of the Annis helicopter.

Figure 3: Erhardt Optimum Helicopter
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Table 2 - Abbreviated Runga Kutta Method
This is a sample of how the Fourth Order Runga Kutta method was used to predict the descent of the
helicopter. Tn is the time of descent, Xn is the linear velocity, Yn is the angular velocity, K l 1 and K12
are to two non-dimensional differential equations for linear and angular velocity respectively. Xn + h/2
* K l 1 is the first step size which utilizes our step size h, Xn and K l 1; similarly with Yn + h/2 * K12.
This process is repeated four times for each equation to create a revised estimate for the positions which
are then used to compute the distance the helicopter has traveled. The third step has been removed in
order to fit the table onto this paper.
Yn +
Xn +
Tn X n
Yn
h/2*K11 h/2*K12 K21
K41
K22
n
K11
K12
K42
Distance
0 0.00 0.0000 0.0000 43.0000 0.0000 0.6450 0.0000 43.0000 0.3806 40.2684 1.1280 0.0000
1 0.03 1.2723 0.0170 41.8152 0.7406 1.8995 0.0281 38.6355 1.1041
18.2664 1.6996 0.0382
2 0.06 2.2709 0.0546 30.8863 1.3076 2.7342 0.0742 19.1342 1.5694
-7.7863 1.7505 0.1063
3 0.09 2.6240 0.1029 12.5470 1.4875 2.8122 0.1252 0.4345 1.5853 -11.1136 1.4914 0.1850
4 0.12 2.5566 0.1494 1.0214 1.4203 2.5719 0.1707 -5.5429 1.4167
-8.1348 1.2713 0.2617
-5.7641 1.1200 0.3332
5 0.15 2.3845 0.1905 -3.5828 1.2944 2.3307 0.2100 -6.0420 1.2513
6 0.18 2.2138 0.2270 -4.8345 1.1722 2.1413 0.2446 -5.2186 1.1191
-4.2460 1.0108 0.3997
7 0.21 2.0679 0.2597 -4.7572 1.0668 1.9965 0.2757 -4.2610 1.0153
-3.2637 0.9270 0.4617
8 0.24 1.9479 0.2895 -4.2382 0.9784 1.8843 0.3042 -3.4459 0.9323
-2.6015 0.8595 0.5201
0.27
1.8497
0.3305
0.8641
9
0.3170 -3.6344 0.9043 1.7952
-2.1356 0.8031 0.5756
-2.8058
10 0.30 1.7688 0.3425 -3.0759 0.8416 1.7227 0.3551 -2.3145 0.8069
-1.7947 0.7548 0.6287
11 0.33 1.7015 0.3663 -2.5999 0.7877 1.6625 0.3781 -1.9377 0.7577
-1.5368 0.7125 0.6797
12 0.36 1.6446 0.3887 -2.2080 0.7409 1.6114 0.3998 -1.6464 0.7148
-1.3359 0.6750 0.7291
0.39
1.5959
0.4204
-1.4182
0.6768
13
0.4099 -1.8895 0.6997 1.5675
-1.1756 0.6413 0.7769
14 0.42 1.5537 0.4300 -1.6313 0.6630 1.5293 0.4399 -1.2367 0.6427
-1.0450 0.6107 0.8236
15 0.45 1.5168 0.4490 -1.4213 0.6300 1.4955 0.4585 -1.0902 0.6118
-0.9369 0.5827 0.8691
16 0.48 1.4842 0.4672 -1.2493 0.6000 1.4654 0.4762 -0.9701 0.5837
-0.8459 0.5570 0.9136
17 0.51 1.4551 0.4845 -1.1072 0.5726 1.4385 0.4931 -0.8703 0.5578
-0.7685 0.5332 0.9572
18 0.54 1.4289 0.5010 -0.9887 0.5474 1.4141 0.5093 -0.7864 0.5338
-0.7019 0.5110 1.0001
-0.6441 0.4904 1.0423
19 0.57 1.4052 0.5169 -0.8890 0.5241 1.3919 0.5248 -0.7149 0.5116
20 0.60 1.3837 0.5321 -0.8043 0.5024 1.3716 0.5396 -0.6534 0.4909
-0.5934 0.4710 1.0838
141
142
143
144
145
146
147
148
149
150

4.23 1.0085
4.26 1.0083
4.29 1.0081
4.32 1.0078
4.35 1.0076
4.38 1.0074
4.41 1.0072
4.44 1.0070
4.47 1.0069
4.5 1.0067

0.9834 -0.0077 0.0148
0.9838 -0.0075 0.0144
0.9842 -0.0073 0.0141
0.9847 -0.0071 0.0137
0.9851 -0.0069 0.0133
0.9854 -0.0067 0.0130
0.9858 -0.0065 0.0126
0.9862 -0.0064 0.0123
0.9866 -0.0062 0.0120
0.9869 -0.0060 0.0117
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1.0084
1.0082
1.0080
1.0077
1.0075
1.0073
1.0071
1.0070
1.0068
1.0066

0.9836
0.9840
0.9844
0.9849
0.9853
0.9856
0.9860
0.9864
0.9867
0.9871

-0.0076
-0.0074
-0.0072
-0.0070
-0.0068
-0.0066
-0.0064
-0.0063
-0.0061
-0.0059

0.0146
0.0142
0.0139
0.0135
0.0131
0.0128
0.0125
0.0121
0.0118
0.0115

-0.0074 0.0142
-0.0072 0.0139
-0.0070 0.0135
-0.0068 0.0131
-0.0066 0.0128
-0.0064 0.0125
-0.0063 0.0121
-0.0061 0.0118
-0.0059 0.0115
-0.0058 0.0112

5.0075
5.0377
5.0680
5.0982
5.1284
5.1587
5.1889
5.2191
5.2493
5.2795

7

The Review: A Journal of Undergraduate Student Research, Vol. 8 [2006], Art. 8

Figure 5.c)
This is a graph of what the two ordinary nonlinear differential equations predicts the linear
velocity profile to look like. The drastic jump
in the beginning is expected; the helicopter
does not begin to rotate until about 0.2 seconds,
and thus has a smaller coefficient of drag.
After the helicopter begins to rotate, the drag
force increases and thus the helicopters decent
is slowed down.

Figure 5.a)
This graph shows what the two ordinary nonlinear differential equations predict the distance
the Annis helicopter has fallen versus time
should look like.
The linear increase is
appropriate since after the helicopter reaches
terminal velocity it is no longer accelerating.
Predicted Distance vs. Tim*

Predicted Linear Velocity Scaled to 1 vs. Time
6
A 4
*V
a
• 3
I
Q

2
1
ol

2.S
Time (s)
Tima(»)

Figure 5.b)
This graph shows what the two ordinary nonlinear differential equations predict the angular
velocity to look like. Notice that the angular
velocity
increases
quickly
but
then
asymptotically approaches 1, which is the
scaled terminal velocity. This prediction is a
little different than what the experimental data
has shown. That is the experiments show that
the angular velocity should initially increase
much more rapidly towards terminal velocity.
Prodictad Rotational Velocity Scaled to 1 vs. Time

0.4

-^V

a.«
Time (s)
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Figure 6.c)
This graph shows the actual distance traveled by
the Annis helicopter with a starting height of
2.5m. The trend line yields an estimation for the
velocity of the helicopter at terminal velocity.

Figure 6.a)
This is a graph of six different flights,
maintaining the same mass of the Annis
helicopter. Notice the initial jump in angular
velocity which then drops slightly and then
levels off (dots). The solid line indicates the
average of the six actual rotational velocities on
the time interval [0.6, 9.0]. Note that for the
solid straight line, which is a linear trend line
for the solid line excluding the first point, b =
19.268 which is the total average rotational
velocity between all of the six flights.
Actual Rotational Velocit
I

Actual Distance vs. Time (CBL Data) __ __
y =0.2517x
+0.2331 I
I
R2 -0.948?

y -O.OOOSx • 19.263 •
R -1E-05
|

Time (sec/10)

Time (s)

Figure 6.b)
This graph is of the first flight measurement
using the CBL; helicopter was dropped from
only two and a half meters instead of five. The
trend line that is shown is the average of the
actual data points on the time interval [0.4, 2.2].
Actual Linear Velocity
1ly • -3.0386I -.6.568G •
R' -0
9904 |

-
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Appendix A
It is important to note that the second
suggestion for altering this model in the summary
section has been partially started. The total mass
of the helicopter was changed and the change in
angular velocity was studied. One must
understand that by changing this mass one has
changed the mass distribution, which in turn
changes the moment of inertia which then in turn
changes the values for Ki, K 2 , and K 3 .
Also note that in the differential equations

above the moment of inertia / cancel out and VT
and co, depend only on these constants and mg.
Five experiment drops were performed with three
drops per each experiment. Each of these three
drops maintained the same mass, varying the
mass between each experiment. Average drop
time and angular velocity for these three drops
was then taken. From this a plot was made
showing the linear relationship between Ln (1/7)
and Ln (mg). Further work from this graph will
be done time pending.
Ln
(mg)
1.5261
1.335
0.8838
0.6098
0.3646

Ln(1/7)
1.3558
1.3987
1.6771
1.8278
1.9842

y = -0.556x +2.17351
R2 = 0.9923

Ln(mg) vs. Ln(1/T)
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